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We study the homotopy category of unbounded complexes of
Gorenstein-projective modules with bounded relative homologies.
We show the existence of a right recollement of the above ho-
motopy category and it has the homotopy category of Gorenstein-
acyclic complexes as a triangulated subcategory in some case. We
also show that the bounded Gorenstein derived category of a CM-
ﬁnite Gorenstein artin algebra is triangle equivalent to the bounded
derived category of the endomorphism ring of some tilting object.
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1. Introduction and preliminaries
1.1. Gorenstein homological algebra has been developed to an advanced level, see for example
[ABu,AR,Hap,EJ1,EJ2,Ch,AM,Hol,B,CFH,BR,J,AB,ARS,Rin,Chen2]. Especially, Gorenstein-projective modules
play a fundamental role in Gorenstein homological algebra. It is natural to study the corresponding
version of derived categories in this context. Nan Gao and Pu Zhang [GZ] introduce the Gorenstein
derived category, which makes Gorenstein quasi-isomorphisms become isomorphisms. Gorenstein de-
rived category has some advantages in the relative setting.
Beilinson, Bernstein and Deligne [BBD] introduce the recollements of triangulated categories with
the idea that T can be viewed as being “glued together” from T ′ and T ′′ . The canonical example
of a recollement has T , T ′ , and T ′′ equal to suitable derived categories of sheaves on spaces X , Z
and U , where X is the union of the closed subspace Z and its open complement U . Cline, Parshall
and Scott [PS] use the deﬁnition of recollement of triangulated categories to obtain what they call
stratiﬁcation of certain derived categories. König [K] provides a link between the two concepts of
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tion for the existence of recollements. Miyachi [Mi] introduce the stable t-structures of triangulated
categories, which relate to the recollements.
Let R be a ring, and R-GP be the category of Gorenstein-projective R-modules. In this paper,
we consider the homotopy category K∞,bgp(R-GP) of unbounded complexes with bounded relative
homologies, its subcategories K−,bgp(R-GP), and the homotopy category Kgpac(R-GP) of GP-acyclic
complexes. The homotopy category K−,bgp(R-GP) is basically important when we study bounded
Gorenstein derived category using the category R-GP .
In Section 2, we show the existence of right recollement of the homotopy category K∞,bgp(R-GP),
and it has Kgpac(R-GP) as a triangulated subcategory (Theorem 2.4) when R is an n-Gorenstein
ring.
In Section 3, we consider tilting objects in the bounded Gorenstein derived category Dbgp(A-mod)
of a CM-ﬁnite Gorenstein artin algebra A, and show that Dbgp(A-mod) is triangle equivalent to the
bounded derived category Db(EndA(G)-mod) of the endomorphism ring EndA(G) of tilting object G
(Theorem 3.5) which is inspired by a remarkable result of Keller.
1.2. Throughout A is an abelian category with enough projective objects, PA , or simply P , is the
full subcategory of projective objects. For ∗ ∈ {blank,−,b}, K ∗(A) and D∗(A) are respectively the
corresponding homotopy category and the derived category of A. For triangulated categories we refer
to [Har,V,Ke1]. Given a triangulated subcategory B of a triangulated category K, in the Verdier quo-
tient K/B = S−1K, where S is the compatible multiplicative system determined by B, each morphism
f : X → Y is given by an equivalence class of right fractions as presented by X
s⇐ Z a→ Y , where the
double arrow means s ∈ S .
1.3. An object G of A is Gorenstein-projective if there is an exact sequence · · · → P1 → P0 → P0 →
P1 → ·· · of projective objects of A, which stays exact after applying HomA(−, P ) for any P ∈ P , such
that G ∼= Im(P0 → P0) (see [EJ2]). Let A-GP , or simply GP , be the full subcategory of Gorenstein-
projective objects. Then GP is resolving (see [Hol]) in the sense of [AR]: it contains all the projective
objects, is closed under direct summands, extensions, and the kernels of epimorphisms. Also, it is
closed under arbitrary direct sums if A has arbitrary direct sums, and is a Frobenius category with
projective objects as projective-injective objects.
Let R be a ring, and R-Mod be the category of left R-modules. We will take A = R-Mod. In this
case write R-P for PA , and R-GP for A-GP .
A proper Gorenstein-projective resolution of object M is an exact sequence E• = · · · → G1 → G0 →
M → 0 such that all Gi ∈ GP , and that HomA(G, E•) stays exact for each G ∈ GP . The second re-
quirement guarantees the uniqueness of such a resolution in the homotopy category (the Comparison
Theorem; see [EJ2, p. 169]). It is an interesting problem when every object has a proper Gorenstein-
projective resolution, or, equivalently, when A-GP is contravariantly ﬁnite in A (see [ABu,AR,EJ2,J]
for more information).
The Gorenstein-projective dimension GP dimM of M is deﬁned to be the smallest integer n 0 such
that there is an exact sequence 0 → Gn → ·· · → G1 → G0 → M → 0 with all Gi ∈ GP , if it exists; and
GP dimM = ∞ if there is no such exact sequence of ﬁnite length. Clearly GP dimM  proj.dimM .
1.4. A complex C• is GP-acyclic, if HomA(G,C•) is acyclic for any G ∈ GP . It is also called proper
exact for example in [AM]. Since C• is acyclic if and only if HomA(P ,C•) is acyclic for any P ∈ P ,
a GP-acyclic complex is acyclic. By Lemma 2.4 in [CFH] a complex C• is GP-acyclic if and only if
HomA(G•,C•) is acyclic for any G• ∈ K−(GP).
A chain map f • : X• → Y • is a GP-quasi-isomorphism, if HomA(G, f •) is a quasi-isomorphism for
any G ∈ GP , i.e., there are isomorphisms of abelian groups
HnHomA
(
G, f •
) : HnHomA
(
G, X•
) ∼= HnHomA
(
G, Y •
)
, ∀n ∈ Z, ∀G ∈ GP.
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any P ∈ P , a GP-quasi-isomorphism is a quasi-isomorphism.
The Gorenstein derived category D∗gp(A) with ∗ ∈ {blank,−,b} is deﬁned as the Verdier quotient of
the homotopy category K ∗(A) with respect to the triangulated subcategory K ∗gpac(A) of GP-acyclic
complexes. For details see [GZ].
1.5. Let D be a triangulated category. Denote by [1] the shift functor. A pair (U ,V) of full subcat-
egories of D is called a stable t-structure in D (see [Mi]) provided that
(1) U = U [1] and V = V[1].
(2) HomD(U ,V) = 0.
(3) For each X ∈ D, there exists a triangle U → X → V → U [1] with U ∈ U and V ∈ V .
A right recollement of triangulated categories (see [BBD]) is a diagram of triangulated categories
and exact functors
D′
i∗

i!
D
j∗

j∗
D′′
satisfying
(1) (i∗, i!) and ( j∗, j∗) are adjoint pairs.
(2) j∗i∗ = 0.
(3) i∗ and j∗ are full embeddings.
(4) Each object X in D determines a distinguished triangle
i∗i!X → X → j∗ j∗X → i∗i!X[1]
where the arrows to X and from X are counit and unit morphisms.
Let D be a triangulated category, and (U ,V) a stable t-structure in D. Then by [Mi] the canonical
embedding i∗ : U → D and j∗ : V → D have a right adjoint i! : D → U and a left adjoint j∗ : D → V
respectively.
2. Stable t-structure in homotopy categories
Lemma 2.1. (See [GZ].) Let A be an abelian category with enough projective objects. If (X•,d) is an A-GP-
acyclic complex, then for any i, the truncation
0 → Kerdi → Xi → Xi+1 → ·· ·
and
· · · → Xi−1 → Xi → Imdi → 0
are also an A-GP-acyclic complexes.
Recall from [EJ2, 9.1.9] that a ring R is a Gorenstein ring if R is two-sided noetherian and R has
ﬁnite injective dimension, both as left and right R-module. If R is also an artin algebra, then R is
called a Gorenstein artin algebra. A Gorenstein ring R is n-Gorenstein, if inj.dimR R  n < ∞. In this
case inj.dim RR  n.
2506 N. Gao / Journal of Algebra 324 (2010) 2503–2511Lemma 2.2. (See [EJ2, Theorem 10.2.14].) Let R be an n-Gorenstein ring. Then R-GP =⊥ P .
Proof. Note that R-GP ⊆⊥ P . Let M ∈⊥ P . Then it follows from Lemma 10.2.13 in [EJ2] that M
has an injective left L-approximation f : M → L, which L is the full subcategory of R-modules
of ﬁnite injective dimension. Take an exact sequence 0 → K → P0 θ→ L → 0 with P0 projective.
Since R is Gorenstein, we get L has ﬁnite projective dimension, and hence K has ﬁnite projective
dimension. It follows from this and the assumption M ∈⊥ P that ExtiR(M, K ) = 0 for i  1. In par-
ticular Ext1R(M, K ) = 0. Thus θ induces a surjective map HomR(M, P0) → HomR(M, L). Hence we
get g : M → P0 such that f = θ g . Since f is an injective left L-approximation and P0 ∈ L, we
deduce that g is also an injective left L-approximation, and hence ExtiR(P0/M,P) = 0 for i  1.
Applying the same argument to P0/M and continuing this process, we obtain a long exact sequence
0 → M → P0 → P1 → ·· · , which is HomR(−,P)-exact. Putting a (deleted) projective resolution of M
together with (the deleted version) of this exact sequence, we see M is Gorenstein-projective. 
Lemma 2.3. (See [LZ].)
(i) Let R be a 1-Gorenstein ring, then R-GP is closed under taking submodules.
(ii) Let R be an n-Gorenstein ring (n 2), and
Gn
fn→ Gn−1 → ·· · → G2 → G1
be an exact sequence in R-GP . Then Ker fn ∈ R-GP .
Proof. (i) Let G ∈ R-GP , and G ′ a submodule of G . Then we have the following exact sequence:
0 → G ′ → G → G/G ′ → 0.
Applying the functor HomR(−, R) to it, by dimension-shift we get that
ExtiR
(
G ′, R
) ∼= Exti+1R
(
G/G ′, R
)
.
Since R is 1-Gorenstein, it follows from [EJ2, 9.1.9] that Exti+1R (G/G ′, R) = 0 for all i  1. Then
ExtiR(G
′, R) = 0 for all i  1. This means G ′ ∈ R-GP by Lemma 2.2.
(ii) Since we have a series of exact sequences:
0 → Ker fn → Gn → Ker fn−1 → 0
0 → Ker fn−1 → Gn−1 → Ker fn−2 → 0
...
0 → Im f2 → G1 → G1/ Im f2 → 0.
By dimension-shift we get that
ExtiR(Ker fn, R) ∼= Exti+nR (G1/ Im f2, R).
Since R is n-Gorenstein (n  2), it follows from [EJ2, 9.1.9] that Exti+nR (G1/ Im f2, R) = 0 for all i  1.
Then ExtiR(Ker fn, R) = 0 for all i  1. This means Ker fn ∈ R-GP by Lemma 2.2. 
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category of D. If the canonical embedding i : C → D has a right adjoint τ : D → C , then we have a right
recollement
C
i

τ
DD/C.
Deﬁne K ∗,bgp(A-GP) with ∗ ∈ {∞,−,b} to be the full subcategory of K ∗(A-GP) by
K ∗,bgp(A-GP) := {X• ∈ K ∗(GP) ∣∣ ∀G ∈ A-GP, ∃m,k ∈ Z, such that
Hi HomA
(
G, X•
) = 0, ∀i < −m, i > k}.
Theorem 2.5. Let R be an n-Gorenstein ring. Then we have the following:
(1) A pair (K−,bgp(R-GP), Kgpac(R-GP)) is a stable t-structure in K∞,bgp(R-GP).
(2) The canonical embedding i∗ : K−,bgp(R-GP) → K∞,bgp(R-GP) induces a right recollement
K−,bgp(R-GP)
i∗
 K∞,bgp(R-GP) Kgpac(R-GP).
Proof. By Lemma 2.4 in [CFH] we have HomK∞,bgp(R-GP)(Kb(R-GP), Kgpac(R-GP)) = 0. Given any
complex (X•,d) ∈ K∞,bgp(R-GP)
X• := · · · → X−m−1 d−m−1−→ X−m d−m−→ X−m+1 d−m+1−→ · · · → Xk dk−→ Xk+1 dk+1−→ Xk+2 → ·· · ,
where for any E ∈ R-GP , there exists m,k ∈ Z such that Hi(HomA(E, X•)) = 0 for i < −m and i > k.
Let
X ′ • := · · · → X−m−1 → X−m → X−m+1 → ·· · → Xk → Xk+1 → Imdk+1 → 0.
Since R is an n-Gorenstein ring and Xk+2 → Xk+3 → ·· · → Xk+n+1 is exact, it follows from Lemma 2.2
that Kerdk+2 ∈ R-GP . By Imdk+1 ∼= Kerdk+2 we get that Imdk+1 ∈ R-GP . Then X ′ • ∈ K−,bgp(R-GP).
Let
X ′′ • := 0 → Kerdk+3 → Xk+3 → ·· · .
Then X ′′ • ∈ Kgpac(R-GP) by Lemma 2.1, and we have an exact sequence of complexes
0 → X ′ • → X• → X ′′ • → 0.
This induces a triangle in K∞,bgp(R-GP)
X ′ • f
•
→ X• g
•
→ X ′′ • → X ′ •[1].
By the deﬁnition of stable t-structure, we get that (K−,bgp(R-GP), Kgpac(R-GP)) is a stable t-structure
in K∞,bgp(R-GP). By [Mi] we get that the canonical embedding i∗ : K−,bgp(R-GP) → K∞,bgp(R-GP)
has a right adjoint i! : K∞,bgp(R-GP) → K−,bgp(R-GP). Since R-GP is closed under direct summands,
2508 N. Gao / Journal of Algebra 324 (2010) 2503–2511it follows that K−,bgp(R-GP) is a thick triangulated category of K∞,bgp(R-GP). Hence by Lemma 2.3
we can obtain a right recollement
K−,bgp(R-GP)
i∗
 K∞,bgp(R-GP) Kgpac(R-GP). 
Let A be an abelian category, and X ⊆ A be a full additive subcategory closed under direct sum-
mands. Let X be a contravariantly ﬁnite subcategory, M ∈ A. Recall from [B, Section 2] that the
X -resolution dimension X - res.dimM of M is deﬁned to be the minimal integer n  0 such that
there is an X -resolution 0 → X−n → ·· · → X0 → M → 0. If there is no such a ﬁnite integer, we set
X - res.dimM = ∞. The global X -resolution dimension X - res.dimA is deﬁned to be the supreme of
the X -resolution dimensions of all the objects in A. Let Z• be a complex in A. Recall that Z• is
X -exact, if for each object X ∈ X , the complex Hom(X, Z•) is exact. Denote by X -ex be the full sub-
category of K (A) consisting of X -exact complexes. A chain map f • : M• → N• is said to be a right
X -quasi-isomorphism if for each X ∈ X , the resulting chain map HomA(X, f •) : HomA(X•,M•) →
HomA(X•,N•) is a quasi-isomorphism. Note that a chain map f • : M• → N• is a right X -quasi-
isomorphism if and only if its mapping cone Con( f •) is a right X -exact (for the correspondence,
consult [GM, Chapter V, Theorem 1.10.2]).
Lemma 2.6. (See [Chen1, Proposition 3.5].) Let X ⊆ A be a contravariantly ﬁnite subcategory. Assume that X
contains projective objects and X - res.dimA < ∞. Then the canonical embedding i : K (X ) → K (A) has a
right adjoint τ : K (A) → K (X ). Moreover, the natural composition functor K (X ) i→ K (A) Q→ K (A)/X -ex
is a triangle-equivalence.
Proof. The composite functor is clearly a triangle functor. It suﬃce to show it is an equivalence
of categories(see [Hap, p. 4]). For each complex M• ∈ K (A), there is a right X -quasi-isomorphism
ε• : X• → M• by Proposition 3.4 in [Chen1] which resembles the one in [Rd, Proposition 2.6]. Note
that ε• becomes an isomorphism in K (A)/X - ex, in particular, Q (M•) ∼= Q ◦ i(X•). Therefore the
composite functor is dense.
We claim that for each X•0 ∈ K (X ) and each X -exact complex M• ∈ K (A)HomK (A) , (X•0,M•) = 0.
This will complete the proof by the following general fact: for a triangulated category T and
a triangulated subcategory N ⊆ T , set ⊥N = {X• ∈ T | HomT (X,N) = 0 for all N ∈ N } to be
the left perpendicular subcategory, then the composite functor ⊥N i→ T Q→ T /N is fully faithful
[V, 5-3 Proposition]. The claim says precisely that K (X ) ⊆⊥ (X -ex). By the recalled general fact the
composite functor is fully faithful. Note that the functor is dense by above, thus it is an equivalence
of categories.
To see the claim, take a chain map f • : X•0 → M• . By Proposition 3.4 in [Chen1] we may take
a right C(X )-approximation ε• : X• → M• . Hence f • factors through ε• . In fact, we will show that
X• is null-homotopic, and then ε• and consequently f • is homotopic to zero. Set X - res.dimA = n0.
Note that X• = (Xn,dnX )n∈Z is X -exact. Consider the canonical factorization Xn
∂n→ Kerdn+1X
i→ Xn+1
of the differential dnX . Recall that the complex X
• is null-homotopic if and only if the morphism ∂n
are split epic. Note that the subcomplex · · · → Xn−1 → Xn ∂n→ Kerdn+1X → 0 can be viewed as a shifted
X -resolution. Then Kerdn−n0+1X belongs to X . Thus all the cocycles KerdnX of X• lie in X . Since X• is
X -exact, the morphism ∂n : Xn → Kerdn+1X is a right X -approximation. In particular, the identity map
of Kerdn+1X factors through ∂n , that is, the morphism ∂n is split epic. This completes the proof. 
Let R be an n-Gorenstein ring. Recall from [EJ2, 11.5.1, 11.5.2] that every R-module M has a
proper Gorenstein-projective resolution 0 → Gn → ·· · → G0 → M → 0, and every ﬁnitely generated
R-module M has a proper Gorenstein-projective resolution 0 → Gn → ·· · → G0 → M → 0 with all
Gi ∈ R-Gproj.
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K (R-GP) K (R-Mod) Kgpac(R-Mod).
In this case, (K (R-GP), Kgpac(R-Mod)) is a stable t-structure in K (R-Mod).
Proof. By [Hol] R-GP contains all the projective modules and is closed under direct summands. Since
R is a Gorenstein ring, it follows from [EJ2, 11.5.1] that R-GP is a contravariantly ﬁnite subcategory
of R-Mod, and GP dimM  n for all M ∈ R-Mod. Hence by Lemma 2.5, the canonical embedding
i : K (R-GP) → K (R-Mod) has a right adjoint τ : K (R-Mod) → K (R-GP). By Lemma 2.3 we get a
right recollement
K (R-GP)
i

τ
K (R-Mod)
π

j
Kgpac(R-Mod).
In this case, we have τ j = 0, and i, j are full embeddings. Hence for arbitrary G• ∈ K (R-GP) and
N• ∈ Kgpac(R-Mod), we have a series of isomorphisms
HomK (R-Mod)
(
G•,N•
) ∼= HomK (R-Mod)
(
iG•, jN•
) ∼= HomK (R-Mod)
(
G•, τ jN•
) = 0.
Moreover, we have that each object X in K (R-Mod) determines a distinguished triangle iτ X →
X → jπ X → iτ X[1]. Again by i and j are full embeddings, we get that iτ X ∈ K (R-GP) and
jπ X ∈ Kgpac(R-Mod). Therefore (K (R-GP), Kgpac(R-Mod)) is a stable t-structure in K (R-Mod). 
3. Tilting objects in Gorenstein derived categories
Following Keller [Ke2, Section 8.7] we call that a triangulated category is algebraical, if it is triangle
equivalent to a stable category of a Frobenius exact category. Let T be an algebraical triangulated
category. Denote by [1] the shift functor and [n] its n-th power for n ∈ Z. Recall that an object T in
T is a tilting object if the following conditions are satisﬁed
(T1) HomT (T , T [n]) = 0 for n = 0.
(T2) The smallest thick triangulated subcategory of T containing T is T itself.
(T3) EndT (T ) is an artin algebra having ﬁnite global dimension.
Recall that an additive category is said to be idempotent-split if each idempotent e : X → X admits
a factorization X
u→ Y v→ X such that u ◦ v = IdY and v ◦ u = e [Hap, Chapter I, 3.2]. The following
remarkable result due to Keller.
Lemma 3.1. (See [Ke2].) Let T be an idempotent-split algebraical triangulated category with a tilting object T .
Then there is a triangle-equivalence
T ∼= Db(modEndT (T )
)
.
A ring R is CM-ﬁnite, if R has only ﬁnitely many isomorphism classes of indecomposable ﬁnitely
generated Gorenstein-projective modules. We refer to [B,BR] for the properties of this class of
rings.
Let A be a CM-ﬁnite Gorenstein artin algebra, A-mod the category of ﬁnitely generated A-modules,
and A-Gproj the full subcategory of ﬁnitely generated Gorenstein-projective A-modules. Denote by
G the direct sum of all the pairwise non-isomorphic indecomposable ﬁnitely generated Gorenstein-
projective A-modules.
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Dbgp(R-mod) ∼= Kb(R-Gproj).
Lemma 3.3. (See [GZ, Theorem 3.15(i)].) Let A be a CM-ﬁnite Gorenstein artin algebra with inj.dimA A = n. If
n 2 then gl.dimEndA(G) = n; and if n = 0,1, then gl.dimEndA(G) 2.
Lemma 3.4. Let A be a CM-ﬁnite n-Gorenstein artin algebra. Then G is a tilting object in Dbgp(A-mod).
Proof. Since A is a Gorenstein algebra, it follows from Lemma 3.2 that there is a triangle-equivalence
Dbgp(A-mod) ∼= Kb(A-Gproj).
Hence HomDbgp(A-mod)(G,G[n]) = HomKb(A-Gproj)(G,G[n]) = 0 for n = 0. Since A is also CM-ﬁnite, it
follows that A-Gproj = addG , furthermore Kb(A-Gproj) is the smallest thick triangulated category
containing G . Again by Lemma 3.2 we get that Dbgp(A-mod) is the smallest thick triangulated category
containing G . By Proposition 2.9 in [GZ] we have that A-mod is a full subcategory of Dbgp(A-mod),
it follows that EndDbgp(A-mod)(G) = EndA(G). By Lemma 3.3 we get that EndA(G) has ﬁnite global
dimension, it follows that EndDbgp(A-mod)(G) has ﬁnite global dimension. Therefore G is a tilting object
in Dbgp(A-mod). 
Theorem 3.5. Let A be a CM-ﬁnite n-Gorenstein artin algebra. Then we have a triangle-equivalence
Dbgp(A-mod) ∼= Db
(
EndA(G)
op-mod
)
.
Proof. Since A is a Gorenstein algebra, it follows from Lemma 3.2 that there is a triangle-equivalence
Dbgp(A-mod) ∼= Kb(A-Gproj).
Since A-Gproj is closed under direct summands, it follows that Kb(A-Gproj) is an idempotent-split
algebraical triangulated category. Thus Dbgp(A-mod) is an idempotent-split algebraical triangulated
category. Since A is also CM-ﬁnite, we get that G is a tilting object of Dbgp(A-mod) by Lemma 3.3.
Hence we can obtain by Lemma 3.1 that there is a triangle-equivalence
Dbgp(A-mod) ∼= Db
(
EndA(G)
op-mod
)
. 
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